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Mathematics
MAT 6B 09—REAL ANALYSIS
(2014 to 2018 Admissions)
Three Hours Maximum : 120 Marks
Part A

Answer all questions.
Each question carries 1 mark.

Define uniform continuity of a function.

State Weierstrass approximation theorem.

Find ||p|| if P = {0, 2, 3, 4} in a partition of [0, 4].

Give an example for a function which is not Riemann integrable.
Define step function.

State Lebesgue integrability criterion.

Define uniform convergence of a series of functions.

x2 + nx

lim
n—o n

Write an example for an absolutely convergent improper integral.

Cauchy principal value of | xdx=.

Define Beta function.

Fill in the blanks : T'(3) = ——
(12 x 1 = 12 marks)

Part B

Answer any ten questions.
Each question carries 4 marks.

Let I = [a, b] be a closed boudned interval and f: I — R be continuous on I. If £ € R is any
number satisfying inf f(I) <k <supf(I) then prove that there exists a number ¢ <] such
that f (c) = k.

State and prove Preservation of Intervals theorem.
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Show by an example that every uniformly continuous function need not be a Lipschitz
function.

If ¢:[a,b] > R is a step function, prove that ¢ € R [a,b].

Suppose that f, g eRla,bl. Prove that fg € Rla,b].

4 sin/t
State the substitution theorem of Riemann integration. Use it to evaluate |

o i

Let (f,) be a sequence of bounded functions of A c R. Suppose that |f, — ||, = 0. Then

dt.

prove that (f,) converges uniformy on A to f.
If f,, is continuous of Dc R to R for each neN and if } f,, converges to f uniformly on D,

then prove that fis continuous on D.

State and prove Weierstrass M-Test for a series of functions.

1
. . o0
Discuss the uniform convergence of 2n-1—5 5 -
x“+n

w 1
Test the convergence of | x—zdx-

Show that I' (n + 1) = n! when n is a positive integer.
Show that B(m, n) = B(n, m).

1 n
Evaluate Jéxm [log;j dx.

(10 x 4 = 40 marks)
Part C

Answer any six questions.
Each question carries T marks.

Let I = [a, b] be a closed bounded interval and let f: I — R be continuous on I. Then prove
that fis bounded on I.

State and prove Uniform Continuity Theorem.

State and prove Continuous Extension Theorem.

If f:la,b] > R is monotone on [a, b] then prove that f e Rla,bd].

n

Discuss the convergence of the sequence (f,(x)) where £, (x) = , x€[0,2].

X" +1

State and prove Taylor’s Theorem with the Reminder.
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Let f eRla,b] and let f'be continuous at a point ¢ e[q,b]. Prove that the indefinite integral

F(z)=| f foe z €[a,d] is differentiable at ¢ and F'(c) = f(c).

P

Show that I’ (Ej F(

Py i

9 =Fr(p).

1
Evaluate the integral | x%(1-x)dx.
0
(6 x 7 =42 marks)
Part D

Answer any two questions.
Each question carries 13 marks.

(a) State and prove Maximum Minimum Theorem.

(b) Test the uniform continuity of f(x)= Jx on [0, 2.

(a) Let f:la,b] > R and ce(a,b). Prove that fefR[a,b] if and only if its restriction to
la, c] and [c, b] are both Riemann integrable. In this case show that jfl’ f=lf+ jf f.

(b) If f eRla,b] and if [¢,d] = [a,b] then prove that the restriction of f to [c, d] is in Rlc, d].

_ T(m)I'(n)
(a) Prove that P(m,n)= Tonsm’ vm, n>0.

. 1
(b) Find the value of F(Ej

(2 x 13 = 26 marks)
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